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Abstract. In this paper, we consider several special polynomials related to 
associated sequences of polynomials. Finally, we give some new and interesting 
identities of those polynomials arising from transfer formula for the associated 
sequences. 

1. Introduction 

In this paper, we assume that A € C with A ^ 1. For ael, the Frobenius-Euler 
polynomials are defined by the generating function to be 

( 1 — A \ a °° t n 

(-rrr) eXt = J2 H i a H^)-, (see [1,5,13,15,20,22,23]). (1.1) 

In the special case, x = 0, H^\o\X) — Hn(X) are called the n-th Frobenius-Euler 
numbers of order a. As is well known, the Bernoulli polynomials of order a are 
given by 

f \ a 00 +n 

5 = S\B<£\x)- v (see [2,3,4,6,14,15,19,21]). (1.2) 

n=0 



e 4 - 1, 



In the special case, x = 0, £>„ (0) = B„ are called the n-th Bernoulli numbers of 
order a. 

For n > 0, the Stirling numbers of the second kind are defined by generating 
function to be 

(e i -l)"=n!^S 2 (/ ) n)- ) (see [8-12,17,18]), (1.3) 

l—n 

and the Stirling numbers of the first kind are given by 

n 

(x) n = x(x - 1) • • • (x - n + 1) = ^2 Si(n, l)x\ (see [7,8,10,17,18]). (1.4) 

1=0 

Let F be the set of all formal power series in the variable t over C with 



H /(*) = £ IT** 



fc! 

fc=0 



o fc GCL (1.5) 



Let P be the algebra of polynomials in the variable x over C and P* be the vector 
space of all linear functionals on P. As a notation, the action of the linear functional 
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L on a polynomial p{x) is denoted by (L \ p{x)}. Let f(t) = Y^,k=o ak Jf ^ J 7 . Then 
we define the linear functional /(f) on P by 

(f(t)\x n ) = a n , (n > 0), (sec [10,12,16,17,18]). (1.6) 

From (|1.6[) . we note that 

(t k \x n ) =n\6 n , k , (n,fc>0), (1.7) 
where <5„.fc is the Kronecker symbol (see [8l fTOl [TT| IT7 l ITS"]). 

Let / L (t) = EZo Th en, by (T7|), we get (/i(t)|x») = The 

map L M> /i(t) is a vector space isomorphism from P* onto J 7 . Henceforth, T 
thought of as both a formal power series and a linear functional. We shall call 
T the umbral algebra. The umbral calculus is the study of umbral algebra (see 

pm QUEUES]). 

The order o(/(f)) of the non-zero power series /(f) is the smallest integer k for 
which the coefficient of t k does not vanish (see [TOJ [TTJ El [Til EE] ) • If o(/(£)) = 
1, then f{f) is called a delta series, and if o(f(t)) = 0, then /(f) is called an 
invertible series. Let o(f(t)) — 1 and o(g(t)) = 0. Then there exists a unique 
sequence S n (x) of polynomials such that (g(t) f (t) k \S n (x)') — n\S n ,k where n, k > 0. 
The sequence S n (x) is called Sheffer sequence for (<?(i), /(£)), which is denoted 
by S n (x) ~ (5(f), /(f)). If S n (x) ~ (1, f(t)), then S n (x) is called the associated 
sequence for /(*) (see [H E3 Ell EFJ ) ■ From (fL~7|) . we note that (e*"|p(a:)) = p(y). 

Let f(t) £ F and p(x) 6 P. Then we have 

/(*) = E ^!^**, = E { ^^x\ (see [17,18]). (1.8) 

fc=0 ' k=0 

From (|1.9p . we can derive the following equation: 

pM(0) = (t*|p(a:)) and <Jl p (fc) (a;) \ = p (fc) (0), (see [10,16,17,18]). (1.9) 

for fc > 0, by (JO), we easily see that t k p(x) = p^{x) = 
Let S n (x) ~ (g(t), f(t)). Then we see that 

1 . e y/W = y ^2>t* for all V £ C, (1.10) 



where /(f) is the compositional inverse of /(f) (see [T71 118j ). 

Let p n {x) ~ (1, /(f)), <Zn(x) ~ (1, <?(£)). Then, the transfer formula for the 
associated sequence is given by 

q n (x)=x(^\ x-^x), (see [11,12,16,17,18]). (1.11) 

For n > 0, b =/= 0, the ^4&eZ sequences are given by 

A„(x; 6) = x(x - bn) 11 - 1 ~ (l, te bt ) . (1.12) 

In this paper, we consider several special polynomials related to associated se- 
quences of polynomials. Finally, we give some new and interesting identities of 
those polynomials arising from transfer formula for the associated sequences. 
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2. UMBRAL CALCULUS AND SPECIAL POLYNOMIALS 

From (jl.lj) . we note that 
Thus, we get 

ff^(x|A)= (izA)V (2.2) 

Let us assume that 

p n (x) ~ (l,t(e* - A)) , 9n (z) ~ (l, (y£y) *) , (« ^ 0). (2.3) 
From x™ ~ (l,i), fTTTjl and ([2"3)1 , we note that 



1-A\ n 



= H^^A) J X " X ' ( I - A)" W'-A 

= (r J Ay^"- i( " |A) 



and 



' ^iCxlA) 



(1-A) 

a v n 



;* — A 



1-A 



(1 


- A) an 




X 


(1 


- \) an 




X 


(1 


- \) an 



(2.4) 



/ 1 — A \ 

q n (x) = x ( ^3t) x ~ lxn = xH n-i(xW- (2-5) 
From (flTTl"]) . ([2T5]l . (|2~4]) and ([23]) . we can derive 



*(e* - A) 

(e 4 -A)^^ffn(-|A) ( 2 . 6 ) 



I 

i=o v 7 

where a, n £ N. Therefore, by (I2.6|) . we obtain the following theorem. 
Theorem 2.1. For a,n g N, we /lave 

gaw= (1 _ A ) (a _ 1)n e ( (a V )n )(-A)^-^(,+/iA). 

Let us consider the following associated sequences: 



(1 



^x^^W-^t^-A^.pn^-flY^VtV (o^O). (2.7) 
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For x n ~ (l,t), by (fTTTjt and (p7f]l . we get 



-A 



For n > 1, by (fTTTTj) and (|2~7l) . we get 



/ i \ (o+l)n 



By (J23J and ([2l)]l, we get 

/ ai 



an j s. 



1=0 



(2.8) 



(2.9) 



= (1_A)» ' e ~ ^ ff «-i( x l A ) (2-10) 

(a+l)n . . . 

= JY 1 W E ( (a V } )(- A ) (a+1)n ^-i^+'i A )- 

Therefore, by (|2.10|) . we obtain the following theorem. 
Theorem 2.2. For n > 1 and a e Z + = N U {0}, we have 

an / \ i (a+l)n , -,\ \ 

E +0^ = ^ E ^^y^r-^M^iix). 

Let us consider the following associated sequences: 

(x) n ~(l,e*-l),xH^(x\X)~(l,t(^^j ^, (o^O). (2.11) 
By (fTTTTT) and (|2~TT|) . we get 



xg^) (a .| A) = a . ; * x -i {x) 



t 



(2.12) 
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Replacing x by x + 1 , we have 



e — 1 x 



2=0 



= E E &(n ~ ^7fcT^T^( fc + "< n)(l) k H}%\x\\) 

1=0 k=0 ^ '' 

n— 1 2 /2\ 
= E&( n - 1 ' 0&(fc + n, n)-^-H^ (x\\). 

1=0 k=0 In/ 

Therefore, by (|2.13p , we obtain the following theorem. 
Theorem 2.3. For n > 1, a G Z + , we /iave 

fl^s + 1|A) = E E - L 05 2 (* + n, „) $ ff<™>(x|A) 

i=0 k=0 In/ 

Let 

(z)„ ~ (l,e*-l). 



Then, by (fTTTTj) and (f2~14l) . we get 



a v n 



e* - 1 
< \ / e — A 



e* - 1 J \ 1 - A 



(2.15) 



v e< - 1 
xB^\{x) 



and 



(i) n = ^ 5i(n, Z)x z = x ^ 5i(n, Z + l)x\ (n > 1). (2.16) 

1=0 1=0 

Therefore, by (j2~T5j) and ((2"7U)1) . we get 

Theorem 2.4. For n > 1, < I < n — 1, we have 



n — 1 



Si(n,Z + l)=(^ 'Jift.,. 
From f|2.15D , we note that 

( (* - l) n -i - (1 - A)— l ( e * - AJ^^^IA), (n > 1). (2.17) 
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n n—1 



LHS of IJ3H3 = (- — -) ^5i(n-l,/),(a;-l) z 
^ * ' 1=0 

n-l I ., ( 

= g *(» - 1, g (fc + n) i a _ fc) , S 2 (* + », ») - 

n—1 i /2\ 

i=0 fc=0 In/ 



and 



an 

' on 



RHS of = (1 - A)- a " Yl (-X) an - l e lt H^}(x\X) 



1=0 
an 



1=0 



= (1 - A)— £ T (-ty an ~ l Hn-i( x + «|A). 



Therefore, by ([2TTT)l . ([2TTgjl and (HHU), we obtain the following theorem. 
Theorem 2.5. For n > 1, a E Z +7 we Ziaue 



an / \ 

(i - a)— e (?) (- A ) an "'* ) (» + w 

I— n \ / 



Z=0 

n-i ! /j 



;=0 fc=0 in/ 



Let 



By ([2T5]l . we have 



an an 



-i \ lj.ii. LLfl / \ 



2=0 



\ an an / N n—1 , , 

1 \ x—v / an\ , v / n — 1 



i-A/ ^ \ k r ' ^ \ i 
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From (fTTTTT) and (gjOj) , we have 



, a * n 

1-A 



=.i: 



■ \ n / -1 \ \ an / ^ \ an an n— 1 / \ / , 

r \ fx — AN / 1 \ v-^ v-^ /an\ /n—1 



e* - 1 / V e* - A 



fc=0 1=0 



X 



\ n an n-1 , \ , s 

Ai) E E (T) ( 7 ^"^-'(-AJ-^r (*|A) 



fc=0 z=o 



1-A7 V e ' 

an ■ 

E E E ( 7 ) ( " 7 1 ) ( I ) ^(-A^^CA^WCar) 



\ an an n—1 I / ■, / ., N .-■ , 

1 \ v-^ ( an\ ( n — 1 \ / £ 



i-a; ^ v k j v j 



., \ an an n—1 I m / \ / i\ / 7 \ / \ 

1 E E E E (?) ( n 7 ) (1) ( ?)*"- l -'(-Ar-^K(A)^ 



1 — A / ^— ' ^— ' -^-^ -^-^ V k J \ I J \m J \ p 

' k=0l=0m=0p=0 v ' 



I , <::> n — 1 I an n—1 I 



1 - A 



E EEE (T) (" 7 ') CD (?) * 

p=0 [fcOI=pm=p \ / \ / \ / \P/ J 

(2.22) 

Therefore, by (|2 . 1 6|) and (|2.22l) . we obtain the following theorem. 
Theorem 2.6. For n > 1, a € Z + and < p < n — 1, we /lave 

an an n — 1 / / \ / -i \ / 

> an} n-1} 



Sl( „, p+1) . (_!_)"" f g £ («) (» " ') □ (») t --(-A)-«(A)B« 



fe=0 i=p m 

Theorem 2.7. For n > 0, we have 

oo / n * ^ 

e -v - a)« = E EE (7) a - A ) n ^7^^o- + 0(-i) fc -^ fc - j ] 

k=o \i=o j=a v / w 

Proof. Note that 



i-/ (.7) <-!/_• , 7 7 \ / i\fc-i t-i I t 



k+l 



e -^( e * _ \) n = e' xt {e l - 1 + 1 - A)" = ^ (7) ( X ~ A) n ~V - \) l e~ x \ (2.23) 

z=o ^ ' 



and 

From ([2~23]l and (|2~24| . we can derive Theorem l2~7l □ 
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By (1.12) and Theorem H3 we get 



(i \ an 



an n-l~l k ( an \( k \( n —\) 

E E E C 1 - + l, iK-lf-^nb^H^l^ixlX). 



(1 - A)°" ^ ^ ^ (J+l) 

(2.25) 

Therefore, by (|2.25l) . we obtain the following theorem. 
Theorem 2.8. For n > 1, a S Z + and & ^ 0, we ftcwe 

an n-l-i fc fcwA /fcA (n— 

(.x-H-^E E E ?A i fe w g 2 (j+M)(-i) fc - J (^) fc -^ a _l ; _ fc (x|A). 

i=o fc=o j=o I / A 1 - A J 
Let us consider the Changhee polynomials of the second kind as follows: 

00 4-k i 

EWA)^ = TWT ^(1 + ^. (2.26) 

From (fTT0|) and ([2726]) . we note that 

C k (x\X) ~ (H-A^-l). (2.27) 
Hence A G C with A ^ -1. Thus, by (j2~27)) . we get 

(1 + Ae*)C„(a;|A) = (x) n ~ (l, e * - l) , (2.28) 

and 

(x) n = x (-J-^ " arV = x (^3t)" i"" 1 = (2-29) 
Thus, by QZTZty and (j2~2U)) . we get 

Cn(x\X) = -i—xB^^O!) = E(- A )' e " 

n 

= J2(-X) l (x + l)B^ 1 (x + l). 



(2.30) 



Let 



^|A)~(1 ITWT ^). (2.31) 
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Then, by (fTTTj) and (|23T|) . we get 

t n (x\\) = x I \ ) x~ x x n = x(l + A(l + t^x"- 1 

\ l + A(l+t) / 

± ( ") A'(l + tYx^ = x ± A- £7?) 



J, 

i=0 x 7 a=0 x 7 b=0 

n n—l/\/\ n n 

' n \ I a 



EE »•(« - - £ £ » „ 1 J c - ^ 

a=0 b=0 V 7 V 7 a=0 6=1 

a f n\ f a \ (»i — 1)! 



n n 



EE^° 



v o7 Vn-6/ (6- 1)!' 



Let us also consider the following associated sequence: 



(2.32) 



Then, by ([TXl]) and ([2331 . we easily get 



S n (x\n) ~ I 1, 7- ) , (jjl G N). (2.33) 



/*» M""!)^*. (2.34) 



V 71 - V ( fc - !) ! 
From ([TTTT]) . (|2~32]) and (f2~33"]) . we can derive 

= z ^i±^±£i^| aT^^A) = x ( t j\7+7 )" X " ltn(a:|A) 



X 



^|E^] ^„(x|A) 
\;=o 



e<: e (,J.J (n^MA))[^„ ( xiA) 



a; 

;=o UiH hin=! 



.7; 

Z=0 UiH hi„=2 v "'"'"" / \i=l / J " ka=0 6=l 

n n 6—1 



,6- 



a/ V.n- b) (b- 1)1 



•SEE e [,. , J nH 1 'Q .- t Fl ! T v 



a=0 b=l i=0 f a H \-l n =l 

n n b— 1 



x b ~ l 



n { n n 



k=l Ka=0 b=k h-\ \-l n =b-k 



SSS^U..'.J(S*H'(X-^Ct 1 



e^ee e S^h.^-w-^-.f 



(2.35) 

Therefore, by (|2.34|) and (|2.35l) . we obtain the following theorem. 
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Theorem 2.9. For n > 1, l<k<n,b^0 and /i, a G Z+, we have 



(fe-1) 

Remark. From (jl.lj) . we note that 

1-A _ 1-A 

e* - A ~~ e* — 1 + 1 — A ~ 



-J— =fW^ 



(2.36) 



and 

i - \ 00 t n 



e* — A ' n! 

n— 



where H n (X) are the Frobenius-Euler numbers. By (|2.36[) and (|2.37l) . we get 



/=o 

Let us consider the following associated sequences: 



Then, by (ITTTT|) and ([2~39| . we get 
P»(*) = x (jl-) " (e 4 - A)"*- 1 = ( ) x E ( I ) + fc)-\ 



1 \ \ / n 



k=0 



(2.40) 

and 



; x V«(a;) = a; (^^T^J 21 VW- (2.41) 

Thus, by (j2~40| and (j2~4"T]) . we get 



n \ / n — 1 



— ( ™ i 1 — £ 



(-A) n -*(a; + fc) 
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